Lecture 20

Many-electron Molecules

Study Goal of This Lecture

e Born-Oppenheimer approximation
e LCAO approximation

e Hartree-Fock independent electron approximation

20.1 Preface

Now we have dealt with quantum states for many-electron atoms, it is time to
move on to more complicated systems = many-electron models. What is the main

additional difficulties?
e Molecules have additional nuclear motions (vibrations)

e Electron can delocalized, no spherical symmertry

20.2 Born-Oppenheimer Approximation

Consider a general molecular Hamiltonian:
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Since nuclei are much heavier than electrons, they move more slowly. = We consider

electron moving in “fixed/static” nuclear coordinates: no momentum, position { R}

fixed

Hepeef Ra} = — Z lyzo ZZTZ“ ZZ— (20.2)

i=1la=1 "% =1 j=1

Solution then can be solved from
ﬁeleclllelec = elec\IJelecv (203)

note Wejee = Yeree({Ra}), also the electronic energy Eee.({R,}) depends on nuclear
coordinate {R,}. Now if we consider the nuclear moving in the averaged electron

influence:

ﬁnucl - <\Ilelec|f{|\:[lelec>

= Z 7V2 + Z Z Z Zb elec|ﬁel6c|\1’el66> :

1 TV
a=lb>a Eelec({Ra})

(20.4)

If we define total energy

Etot({Ra}) elec {R } + ZZ Z Zb (205)

a=1b>a
then
. M
Hpuer = —va + Erot({Ra}) - (20.6)

V(R), potential
Therefore, nuclei moving in the potential E;,({R,}) — potential energy sur-
face(PES).
If one solves

ﬁnucl \Ijnucl = 6\I/nucl 5 (207)

where W, is nuclear wave function and € is total energy. The total wavefunction

will be
\I’({ri}; {RA}) = \Ilelec & \I’nucl- (208)

We will focus on the electron part of the problem and neglect the nuclear Schrédinger
equation throughout the course. Notice that for most nuclei (often than H & He),
classical approximation is appropriate. It is reasonable to consider the nuclear prob-
lem as classical particle moving on the PES defined by Fy;;q; — classical mechanics

with PES provided by quantum mechanic.



20.3 Linear Combination of Atomic Orbitals

The next problem of going from atoms to molecules is the proper functional
forms, i.e. basis sets, since molecules are not spherical. For the molecular system,
atomic orbitals are good basis sets!! We will illustrate this by considering H; molec-

ular ion.

20.3.1 H, molucular ion
The Hamiltonian of H,

. h e? 1 1 €2
H.(R) = ——V?— — 4+ — . 20.9
e( ) 2me ¢ 47760(7“1A+7“13)+47T60R ( )

We hope to solve ﬁewe = F.y. = approximate ¢, as LCAO

e =Y [Ciadia + Cipdin] = Cilsa + Colsp. (20.10)

i
We can then use the variational principle to determine C; and Cy by minimizing
% = F via % = 0. For H;r , the minimal model is to use 1s orbitals for the
two H atoms. This is a minimal basis model. Also, in this particular problem, we
know C7 = Cy = C by symmetry, but we will proceed as if Cy # C to demonstrate

more general senario. = Determine C1, Cy using variational principle.

The energy of H; can be written as

_ fd)*ﬁewdT
— [rdr
— [Cf <1SA| + C; <1SB|]ﬁe[Cl |1SA> + 02 |1SB>] (20'11)
[CT (Lsal + €3 (1sB]][C1 [154) + C2 |15B)]
_ C¥(1sa|He|1sa) +2C1C (1sa|He|1sp) + O3 (1sp|He|1sp)
|C1|2 + |Ca]? + 2C1Cy (1s4|1sB) ’

E

now we define:

S = (1s4|lspg), the overlap integral
Hys = (1sA|ﬁe|1sA>, coulomb integral
Hup = (1s4|H,|1sp), resonance/transfer integral

(electron from 1s4 to 1sp)

Can you explane why
this overlap integral is
not zero? (Recall that
the orbitals for the Hy-
drogen atoms are

orthogonal.)



Therefore, we obtain:

_ C?Haa+ C3Hpp +2C1CoHap

E 20.12
CIQ + 022 +2C105S8 ( )
To find the minimal F with respect to varying C7, Cy, we first rewrite
(012 + 022 + 201025)E =C1Hpa +2C1CoHap + CoHpp, (20.13)
then
0
0 0
pTenind (C?+C2 + 20102)%+ (201 + 2028)E = 201 Hap + 2C2H o, (20.14)
1 1
0
0 0
a0 = (C? +C3 + 20102)%+ (2Cy 4+ 2C1S)E = 2CyHpp + 2C1 Hap, (20.15)
2 2
for the condition for minimal F: gTEl = % = 0, we rearrange to yield: Recall the Cramer's for-

mular in senior high, for

Hipg— F Hsg — SE) =
Cl( AA )+02( AB =S ) 0, (20.16) the equation to have

Ci(Hap — E)+ Cy(Hpp — SE) = 0. more than one solution,

This is a system of homogeneous linear equations. There is a nontrivial solution only & = 0.
. . . Students with linear al-
if the secular determinant of the coefficent is zero,
gebra background will
Hspn—FE Hpap—SE recongnize that this is
4 AP ~ 0. (20.17) &
Hisp—SE Hpp—F equilavent to a matrix

diagonalization.
This is the “seqular equation”, which yields MOs and MO energy values. Note that &

the equation is a quadratic equation for E. So there are two solutions for F, with
two corresponding sets of Cp,Cs (i.e. two MO wavefunctions.) In general, with N
basis functions, there will be N E; and N MOs. = energy for molecular orbitals. In
this case, one can show that Hyay = Hpp = E15+ J and Hap = F1,5 + K. The J is Coulomb's integral

two solutions are

J+ K
E,=FE,+>——, 20.1
g 1+1—|—S (08)

J—-—K
E,=Fis+——, 20.1
1+1—S (20.19)

with
1

U,=———(1sa + 1sp), 20.20
9 2(1+S)( A B) ( )



1
v, = mus/‘ + 1sB). (20.21)

J, K, S are function of R, the explicit expression are:

1

J =1+ <

K= —%e*R(l +R), (20.22)
3

S:e_R(1+R+%),

note that only K could be negative. Also, it is easy to verify that
<\Ijg|\1]g> =1, <\Ilu|\Iju> =1, <\Ijg|‘1ju> =0 (20'23)
the u, g symbol is due to

U, : even parity(symmetric combination), g: gerade, gerade:  German for

U, odd parity(antisymmetic combination), u: ungerade. even

ungerade: German for

odd.

Now we can plot MOs:
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Figure 20.1: Molecular orbital for H;r .



and the potential energy surface E(R):

t

Figure 20.2: Potential energy surface for H2+ .

The energy plot indicates: We thus say
V¥, < bonding orbital

1. ¥, is the ground state of the H;, and ¥, is the excited state.
P, < antibonding or-

2. There is an energy minimum on ¥, — stable H," molecular ion at internuclei pjta|

distance of 2.5A (Exp: 2.0A).

3. E, has minimum at R — oo. This show that in excited state, the force are all

repulsive and there is no stable ion.

4. W, — W, corresponds to excitation due to photons, therefore, absorption of

photon could dissociate the molecular ion.

The bonding/antibonding character also correspond to the existence of nodal plane
between the nuclei, it can be shown rigorously using the virial theroem that whenever
a MO has a nodel between two atoms, it will result in repulsive potential.

Very often, the bonding/antibonding orbital notation is used, we can plot the

correlation diagram.

20.3.2 Correlation Diagram
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Figure 20.3: Correlation diagram for H, .

Type of bonding
o: o-bond, 0 nodel plane across the two atoms.
m: mw-bond, 1 nodel plane across the two atoms.
d: d-bond, 2 nodel plane across the two atoms.

¢: ¢-bond, 3 nodel plane across the two atoms.

The number of nodal planes representing the total “axial” angular momentum,

defined by the cylindrical symmetry. Note that the results using pure hydrogen 1s
orbital is not good. For considering the 2p
orbital, it shows the

Table of outcomes for different basis set .
power of choosing good

Exp. | Pure 1s | Var. 1s+2p
De (eV) | 2.79 | 1.76 2.73
Re (ag) | 2.0 |25 2.01

basis set!

To improve the result, consider improving the basis atomic functions. Recall
that in the homework, we show that the ground state of hydrogen mixed with p,

orbitals when an external electric field is applied. Therefore, consider:

ie
T

18y = k2 ——e Fria, (20.24)

EN{



(2py)a = ye z (20.25)

and
Y~ [1s)y + c(2py,) a] + [155 + c(2p},) B]- (20.26)

This yields a much improved result. The situation of bonding/antibonding orbitals

can be generalized to general diatomic molecule.(See Silbey Figure 11.8 & 11.10)

20.4 Born-Oppenheimer Approximation-General Case

We consider a general molecular Hamiltonian:

M M
Zq Z

—Z*VQ PP PRL

o=t b=atl (20.27)
Zqe?
2

+Z*V ZZ +Z S 7

a=1 =1 i=11=75+1 v
The full Schrédinger equation is
Y({ri},{Ra}) = E¥({ri}, {Ra})- (20.28)

In Born-Oppenheimer approximation, we assume nuclei and electron motions are

fully decoupled, i.e. independet, thus:

U({ri} {Ra}) = Ve({ri}) x Yn({Ra})- (20.29)

The Schrodinger equation becomes (using H = M %Vg + H,))

M
(Z %v? +H) U, = BV, (20.30)

If we solve the electronic part such that
H,U. = E.(R),, (20.31)

then we can multiply both sides of Equ.20.31 by ¥} and integrate all electronic

degrees of freedom out:

fo*M_hQ H)U U, dr. = E [ U 0,0, d
e<22Ma a+ e) et¥nldTe = e¥Ye¥ndTe

= (Z ;j\fjw + H, +/\I/2ﬁe\11€d76>\11n — EV,,

(20.32)



note that [ U*H, W dr, is potential energy surface(E,(R)). Thus we can see that

nuclei moving in the field due to averaged electron energy.



